ABSTRACT. Interest rates (or nominal yields) can be negative, this is an unavoidable fact which has already been visible during the Great Depression (1929-39). Nowadays we can find negative rates easily by e.g. auditing. Several theoretical and practical ideas how to model and eventually overcome empirical negative rates can be suggested, however, they are far beyond a simple practical realization. In this paper we discuss the dynamical reasons why negative interest rates can happen in the second order differential dynamics and how they can influence the variance and expectation of the interest rate process. Such issues are highly practical, involving e.g. the banking sector and pension securities.
Introduction
was the first to introduce the idea of negative interest rates equaling a "carry tax" on currency, such that holding money will affect the holder in a way to pay for this financial strategy. Principally, this tax would counteract to hoarding currency, because these hoarding costs would equal or exceed those costs resulting from negative interest rates such that one would rather deposit or lend currency than hoard it. One has to remind that this tax would only then be imposed if the zero bound became a constraint on monetary policy. Consequently, this monetary tool only has to be introduced rarely and temporarily limited, see [13] . Hereby, one has to consider two types of interest rates, i.e. nominal interest rates (yields), in a simple way explained as the payable rate, defined in contracts e.g. corresponding to market prices, as well as real interest rates (also defined as the purchasing power of the interest payments received), where one has to subtract the inflation rate from nominal interest rates. Naturally, rates in a general consideration can be negative (see e.g. [2, 20] among others). In order to verify the payment of negative interest rates, [12] proposes physically stamping currency in the mid of the 20 th century, whereas [13] exploits the technological development indicating that this issue can be clarified with the aid of e.g. magnetic strips on bills. Recent discussion on investors safety with respect to negative interest rates is given in e.g. [2] .
The fact that nominal interest rates become zero or deceed this threshold result from specific circumstances, where [2] consider fear or uncertainty as main forces. The main force is simply the fact that money supply has reached unprecedented levels. If money supply grows but the demand for money does not grow at the same rhythm than interest as the price of money will go down. Since money supply usually grows following an exponential curve [11] but GDP and, consequently, the demand for loans does not, the price for money in the long run goes down and can eventually go negative. [4] introduce the events of 11. September 2001 as additional possible external cause for a constraint of the nominal interest rate to the lower bound. Therefore, [1] have studied Japans experience with this situation in order to "discuss the zero bound problem" and to prevent deflation. However, negative interests are not seen positively from any perspective, because e.g. [2] criticize negative interest rates with the aid of two arguments: i) the rates would be set to a negative value only when economic conditions are so weak that the central bank has previously reduced its policy rate to zero and ii) negative interest rates may be interpreted as a tax on banks -a tax that is highest during periods of quantitative easing. Generally, [4] consider that there exist two possibilities to either avoid or escape from the zero bound trap. On the one hand they suggest to wait and hope for some positive shock to the effective demand of goods and services and on the other hand they propose to tax currency. Moreover, the authors define that the rate of returns on money, i.e., for coin and currency, can be zero. However, for liabilities of private deposit-taking institutions, which are most of the broader monetary aggregates, this rate will generally be positive.
The literature, see e.g. [4, 5, 13] among others, has been focusing on the issue of negative interest rates, which happened empirically in the 1930s and early 1940s for U.S. Treasury bonds or by two European central banks as Riksbank (Sweden) and Danmark Nationalbank (Denmark), respectively. The two Scandinavian banks operate with three policy rates, i.e. term deposit rate, overnight repo rate, and lending rate. Occasionally the less important term deposit rate was set below zero by these banks. Media have shed light on this special case, however, due to the very small amounts in negative term deposits rates, in this case for a 7-day and 14-day period deposit respectively, this issue was not that important from the viewpoint of banks (see [2] ). These and similar occurrences lead to scholarly interest in overcoming the zero bound such that monetary policy makers fear that standard monetary tools do not operate properly under these circumstances, see [4] . These circumstances raised concern of e.g. [16] who started to work on the consequences for macroeconomics and monetary policy of the zero bound on nominal interest rates. These thoughts have been reassumed by [25] or [8] , who argue that an inflation exceeding 3% should be targeted in order to gain scope for a fall of three percentage points of nominal interest rate before hitting the zero bound. [13] refers to several studies which have shown that significantly higher costs will arise from higher inflation. Therefore, one might have to consider other solutions, being more satisfactory, to this problem. But are negative interest rates a problem or, in fact, the solution? On the negative side effects of positive interest rate see [10, 11] . For a more detailed financial discussion we refer to the extended version of this paper [17] .
[24] introduced a modified Parker second order model of interest rates. Thereby, their first example refers to "Oscillatory interest rate-deterministic part". This method enables to compute negative interest rates with the aid of the Parker equation as a solution for this setup. Another broadly used model which can operate with negative interest rates is introduced by [26] . More precisely this Ornstein-Uhlenbeck (Gaussian) process is often used to derive equilibria models for discount bond prices. However, the literature, e.g. [6] , proposes to interpret the interest rate as a real but not as a nominal one in this model and frequently criticizes these approaches for the possibility of negative rates as well as the implication of homoscedastic interest rate changes. In the next section we introduce the realistic and relatively simple model of the interest rate which has a potential to understand dynamics of negative rates.
Modelling interest rate
Assume that the model describing the future evolution of interest rates r t can be written, for
where a, b, c, σ ∈ C(I) and n, k, l ∈ Q, m ∈ Q {0} such that their denominators are odd numbers. This simplification is used to avoid problems with the definition of the domain of a power function. Otherwise a so-called signed power function Φ(z) := |z| α−1 z, α, z ∈ R can be used (if necessary it is used throughout the article without changing the denotation). Moreover, we assume that σ is positive and c(t) ≡ 0, c(0) = 0. This model naturally generalizes the linear model in [22] (c(t) ≡ 1, a(t) ≡ a, b(t) ≡ b, σ(t) = σ, m = n = l = 1, k = 0) and also two nonlinear models studied in [24] . Using the classical result, see Theorem A.1 in the Appendix, we can directly obtain unique results. In our case we have n = 2, X t = (r t , s t ) and
Existence is always secured for the linear case, but not in general. Changing values of k, l, m or n either violates uniqueness or causes a blow-up. The fundamental tool for transformations of stochastic differential equations (SDE's) is Itô's Lemma A.2 (the version given in the Appendix is due to [21] ). With Lemma A.2 we are ready for the setup of a transformation to remove the level dependent noise. Itô's formula can be used to solve SDE's, although the class of equations that are solvable in this fashion is limited. Theorem 2.1 helps us to find explicit solutions of the problem (2.1) in specific cases and could be a useful supplementary tool for solving SDE's.
Theorem 2.1. Let (r t , p t ) be a diffusion process as in (2.1), then the transformation
will result in a deterministic differential system involving Wiener process (ordinary differential equation (ODE) with random coefficients) • D = 0 -real and equal,
The expected values and autocovariance functions of the force can be derived directly as explicit solution or can be found by using the linearity of the process.
Case study I
Case: k = 0, l = 1, b(t) ≡ 0. Then equation (2.1) reduces to a simple nonlinear model
with the corresponding deterministic system
Figures 1-5 illustrate the dynamics of the process determined by the system (2.3). Here notice that a trajectory of r t is smooth but its derivative possesses non-smoothness of the trajectory. A general solution can be found directly (using Itô calculus for (2.3)), or using Theorem 2.1, since the second equation in (2.4) is linear 1st order ODE not depending on r t explicitly and the first one can be subsequently integrated. Using initial conditions we get the following result.
Lemma 2.1. Denote a process R t as the solution of a Cauchy problem (2.1) with k = 0, l = 1, b(t) ≡ 0, m > 0 and R 0 = A, R 0 = B, then
Moreover, 
NEGATIVE INTEREST RATES: WHY AND HOW?
• For B = 0, σ(t) ≡ σ, a(t) ≡ 0 P r o o f. The form of the process R t can be found directly or by using Theorem 2.1. We have to split the proof in two cases in dependence of parity of m. For B = 0 we have
Since we can interchange the order of expectation and integration, we have
Using Lemma A.1 we directly obtain that E[R t ] = 0 holds for odd m. Further, we are able to compute variances. One can use Isserlis theorem, but computationally it is more convenient to use Lemma A.2, see [14] or [15: p. 94 ].
E[R
For B = 0
Since we cannot use Lemma A.2 for B = 0 , we use the Taylor approximation of integrand of R t instead. We have
gives us the result.
Remark 2.
A similar result can be analogously derived for more general but fixed m.
Case study II
Case: with the corresponding system In this case Theorem 2.1 is very useful. The second equation in (2.7) is a Bernoulli differential equation with the explicit general solution
Now by substituting it into the first equation, we can directly obtain a general solution for r t by quadrature. Denote a processR t as the solution of a Cauchy problem with A > 0, B = 0, theñ
An exact formulation of the processR t (2.8) is quite difficult and thus hard to study. Nevertheless, we can use the Fréchet derivative (functional derivative) in order to obtain a linearized approximation. Denote as .
NEGATIVE INTEREST RATES: WHY AND HOW?
This approach yields the approximation of the processR t :
Using similar techniques as for case study I, one can obtain an approximation of expectation and variance of the given process. From computational point of view the result (2.8) can be hardly used, e.g. in The Finance package in Maple, one can not plot paths of a doubly integrated Wiener process. Thus one should use an approximation of such process involving linearization of F (w t ).
Notice that for this model an increase of parameter m has opposite effects than for the model (2.3), see Figure 8 (a). Example 2. For m = 2 we have 
Remarks and interpretations
Remark 3. In case study I, B = 0, we consider constant volatility σ(t) = σ > 0 and an interesting fact is that for a dumping scale function c(u) > 0 (e.g. c(u) = exp(−u), u > 0) we have an 
